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1. INTK~DUCTI~N 
A fundamental problem in the theory of Abelian groups is to find nccessar!; 
and sufficient conditions for a given group to split, that is to say that the 
group bc a direct sum of a torsion group and a torsion-free group. 
In [3], Irwin, Peercy and Walker ha\e shown that the splitting problem 
for arbitrary abelian groups ma\-, in a certain sense, be reduced to the splitting 
problem for groups with no elements of infinite height. Elsewhere [8], the 
author has considered the analogous problem for finite rank modules over a 
discrete valuation ring, and shown that a rather delicate condition on high 
submodules must be satisfied for such a module to split. AIegibben [5] gives 
a solution to the problem for groups with torsion-free rank I. The approach 
of both [5] and [S] is to utilize the classification of ~x~iulcs over a complete 
discrete valuation ring first developed b!; Kaplansky and AIackc!- [4] and 
subsequently generalized to certain modules over arbitrary discrete \;aluation 
rings by Rotman [6] and then to certain restricted classes of groups 1~1 
Rotman [7] and JIegibben [5]. 
The purpose of this note is to give another, more elementary, solution of 
the splitting problem for Abelian groups with torsion-free rank I. Our 
theorem is a generalization of a simple result proved by Irwin, Khabaz and 
Rayna [2] which gives a condition sufficient for the splitting of groups with 
torsion-free rank I and p-primary torsion part. Loosely, our result may be 
stated thus: Let G be a pou) with torsion-free rank I. If there is an clement 
with irzfnite order in G zchich “behaaes” as if it belonged to a torsion-free group, 
therz G splits. 
In [2] the notion of a p-scquencc of an clement of an -4belian group is 
introduced. This, together with the well-known notion of height, is the kc> 
to our splitting theorem. 
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2. NOTATION 
Throughout this paper the term “group” means “Abelian group,” and 
all groups are written additively. 
\Vc use Z to denote the integers and 17 to denote the collection of positive 
primes in Z. Let G be a group. The mapping 
H : 17 x G -+ nonnegative integers u IX: 
defined b\ 
H( P> cd = sup@ <F E P”G) 
is called the hez@t function on G. The value M( p, g) is called the p-height 
of g. 
\Ve observe that Z, with the usual addition, forms an Abelian group. If H 
is the height function on Z and 0 f a: E 2, then H( p, a) is just the exponent 
of the greatest power of p which divides o(. In particular, H( p, CC) is always 
finite and almost always zero. 
Let S be a subgroup of G and suppose that H’ is the height function on S. 
Let p E 17. Then S is p-pwe in G if and only if 
H(p, x) = ZI'(p, s) 
for all .x c S. S is pure in G if and only if S is p-pure for all primes p. In 
particular, direct summands are pure. 
1Vc use the symbol r(G) to denote the torsion subgroup of G. If ;2 is a 
subset of G, we use gp{A] to denote the subgroup of G generated by ;2. 
The group G splits if and only if t(G) is a direct summand of G. 
In all other respects our notation and terminology corresponds to that 
in [I]. 
3. THE SPLITTING THEOREM 
Let G be an Abelian group, x an element of G and p a prime. A sequence 
Xl ) NL1 , x:3 , . . . of elements of G is a p-sequence for x if and only if 
pxl = x and P-%+1 = .L’?f > n = I, 2, 3,... . 
Observe that the existence of a p-sequence implies that .Y has infinite 
height. The converse of this statement is not true in general (see Section a), 
so it is worthwhile remarking that in torsion-free groups elements with 
infinite p-height possess unique p-sequences. 
256 STRATTON 
The proof of the next lemma is routine. 
LEMMA 3.1. Let S be a pure subgroup of G such that G/S is a torsion 
group. If S is torsion-free, then G splits in fact G = t(G) @ S. 
We can now state our main result. 
THEOREM. Let G be a Eroup where G/t(G) is of rank 1. Let 0 f s E G 
have injkite order. Then G splits if and only if there is a positive integer 0: 
such that 
(1) .for each prime p, and any integer /3 # 0 
w P, Pax) ~- ff( p, P) -t ff( p, 4; 
(2) for each prime p, such that Fl( p, 01.x) = CC, 01.x has a p-sequence. 
Proof. (a) Assume that G splits. Then G := t(G) @AT, where X is 
torsion-free. Since S is a pure subgroup of G, the height function on X is 
just the restriction of that on G. Clearly, there is a positive integer o( such that 
nix E X. The uniqueness of division in torsion-free groups now shows that 
condition (1) holds. 
If H( p, OX) = 0~) for some prime p, then 01s possess a p-sequence in X 
and condition (2) holds. 
(b) Conversely, suppose that there is a positive integer satisfying 
conditions (I) and (2). Put y rs. \Ve define two classes of prime, 
For each p E I let y,(p), yz( p), y,(p),... be a p-sequence for y. For each q t E’ 
put n(q) = H(q, y), and let y(q) b e an element of G satisfying the equation 
Put 
S = gp{ y, y(y),y,(p) 1 4 tF, p EI, i == I, 2, 3 ,... j. 
\Ve show that X is a torsion-free and pure subgroup of G. Since it is clear 
that G/X is a torsion group, Lemma 3.1 applies and G splits, which is the 
desired result. 
First, then, we must show that X is torsion-free. Let z E S. Then, 
N(z) 
z = py + c P(dY(4) -I- 1 c A( PI Y4 PI> 
CLEF(Z) i=l llCl(Z) 
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where fi, p(q) and pi(p) are integers, F(z) is a finite subset of F, Z(z) a finite 
subset of I, and N(x) is a positive integer. It is clear that we may assume 
that the non-zero /3,(p) are coprime with p and that if 
p(q) = O(mod qTr(q)) 
then ,8(q) = 0. 
Put 
and 
6(p) = S/p*‘(z), for all p t Z(z). 
Then, 
Thus z has finite order only if the coefficient of y, on the right side of this last 
equation, vanishes. Since p NM divides S for all primes p EZ(X), we deduce 
that x has finite order only if the congruence 
AV(Z) 
y 1 C S(p) pl( p) pNlz)pi = 0 (mod q*‘(“)) 
i=l ZIE1(Zj 
is satisfied for all q EZ(Z). 
Clearly Z(z) and F(z) are disjoint, so that y is coprime to every member 
of Z(z). It is also clear that if q EZ(Z), then 
S(p) - O(mod qv@)) 
provided that q f p whereas 
Thus our necessary condition for z to have finite order becomes 
pi(p) p.v(z)-i E O(mod P.~(z)) 
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for all p gI(z). Since i ;z 1, this implies that 
for all i and all p tl(z). Our initial assumption about the p,(p) now implies 
that &(p) -= 0 for all i and p. Hence we may assume that 1(z) is the empt! 
set, and 
On multiplying by y we SW that z has finite order only if 
YP + c Y(4) P(4) = 0. 
mF(z) 
The definitions of y and y(q) now imply that x has finite order only if q’,(q) 
divides /3(q) whenever 4 EF(z). 0 rice again our initial assumptions imply 
that /3(y) = 0 for all 4 EF(z). Thus .z ~~- /3~. \V:e deduce that the only torsion 
element in X is the null element, and -Y is a torsion-free group. 
Secondly, we have to show that X is a pure subgroup of G. Let H’ be the 
height function on X. It is evident from the construction of X that 
WP, y) == zqp, y) 
for all p E IY7. Let u” t S. Then there exist integers 01 and /3 such that CYZ ~~~ /3,y. 
5 L 0, 
H(P) 4 - H(A PY) 
~- Zf(P> P) t ff(P, 1’) 
:= ff(P, P) + H’( P, Y) 
:- ff’(p, fly) 
= ff’(p, m). 
Here we have used the facts that condition (1) holds in G, and that division 
is unique in torsion-free groups. how suppose that N(p, z) + fI’(p, z) 
for some prime p. Then El(p, z) .-, H’(p, zx), so that 
H(p, ,z) .:3 H(p, a) ~~- H(p, z) 
-; Zf(p, a) ; H’(p, z) 
7-m H’( p, m), 
and we have obtained a contradiction. We can only conclude that ff’ is the 
restriction of H to X. Thus S is a pure subgroup of G and the proof of the 
theorem is complete. 
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4. AN EX.~IPI.E 
From the proof of the splitting theorem it is not clear if it is possible to 
find a splitting group G containing an element x of infinite order and an 
integer a: such that cyx satisfies condition (I) but not condition (2). Thus it is 
not clear that we have the simplest form of the theorem. \Ve use this section 
to show that our theorem is best possible in this sense. 
I’ROPOSITION. There exists a splitting group G zcith torsion-free yank 1 
rontainiq an element g of irljkite order swh that 
(I) ZZ(p, ,Bg) ~~~ ZI(p, j3) $ FZ(p, g)f”r all primes p, 
(2) thepe is a prime p fov z&irk II@, g) :: m and for which g possess WI 
p-sequenre. 
Proqf. Let p be a fixed prime. Let T be tile group generated by a, a, , n, , 
a:, ,... with relations 
pa = 0; p’ai = a, i -= 1, 2, 3 ,... 
(Yearly, 7’is a torsion group, indeed 7’is ap-group. The subgroup of elements 
with infinite height in T is gp(~~), which is also the sock of T. Since every 
member of ap-sequence must have infinite height, it is clear that no nontrivial 
member of 7’ has a p-sequence. Xon; let S be any torsion-free group, with 
rank I, satisfying the condition PA- ~1 S. Put G 7-z T 0 A’. Let x + 0 t ,Y. 
The element x + a has infinite order. Since N(y, a) = co for all primes y, 
it is clear that H(y, /3(x -t n)) = H(q, ,8x) f or all primes q and integers /3. 
The uniqueness of divisibility in torsion-free groups now shows that (1) 
holds with g ~ x + a. 
Clearly, H(p, g) = ~13. Since A’ is torsion-free and p-divisible, s has a 
p-sequence si , x2 , xQ ,..., say. Suppose that R has a p-sequence g, , g, , g, ,... . 
Then pi -- xi , sz ~ .x2 , g, -- x3 ,. . . is a p-sequence for a. Every term in this 
sequence must have finite order, and so lies in 7’. TVe have a contradiction; 
so there can be no p-sequence for g. 
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